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We show that the Einstein-Hilbert, the Einstein-Palatini, and the Hoist actions can be derived 
from the Quadratic Spinor Lagrangian (QSL), when the three classes of Dirac spinor fields, under 
Lounesto spinor field classification, are considered. To each one of these classes, there corresponds 
a unique kind of action for a covariant gravity theory. In other words, it is shown to exist a one- 
to-one correspondence between the three classes of non- equivalent solutions of the Dirac equation, 
and Einstein-Hilbert, Einstein-Palatini, and Hoist actions. Furthermore, it arises naturally, from 
Lounesto spinor field classification, that any other class of spinor field — Weyl, Majorana, flagpole, 
or fiag-dipole spinor fields — yields a trivial (zero) QSL, up to a boundary term. To investigate 
this boundary term we do not impose any constraint on the Dirac spinor field, and consequently we 
obtain new terms in the boundary component of the QSL. In the particular case of a teleparallel 
connection, an axial torsion 1-form current density is obtained. New terms are also obtained in the 
corresponding Hamiltonian formalism. We then discuss how these new terms could shed new light 
on more general investigations. 

PACS numbers: 04.50.+h ll.25.-w, 98.80.Jk 



I. INTRODUCTION 



Spinor fields can be classified according to the values assumed by their respective bilinear covariants. There are 
only six classes of spinor fields [3, H, H[ : three of them are related to the three non-equivalent classes of Dirac spinor 
fields (DSFs), and the others are constituted respectively by the so-called flag-dipolc, flagpole and Weyl spinor fields 
USUI- Majorana and ELKO (Eigenspinoren des Ladungskonjugationsoperators, or dual-hclicity cigenspinors of the 
charge conjugation operator) spinor fields are special subclasses of flagpole spinor fields [|[. By using one specific 
class of DSF, and imposing a condition of constant spinor field, it has already been shown that the Einstein-Hilbert 
Lagrangian of general relativity (GR), as well as the Lagrangian of its teleparallel equivalent (GR||), can be recast as 
a quadratic spinor Lagrangian (QSL) HS0]. This development was purposed in a tentative to better understand 
the question of the gravitational energy-momentum localization. Also, the QSL which is originally constructed with 
a st(2, C)-valued connection, was generalized in Q to a more general g[(2, C)-valued connection. 

In order to prove the equivalence between the QSL and the Lagrangians associated with GR and GRj|, a DSF 
of class- (2) — under Lounesto spinor field classification — with constant coefficients was used @. Although this 
is a natural choice in the context of the QSL formalism of gravitational theory, it remains to be better justified. 
Furthermore, the use of spinor fields with constant coefficients is quite restrictive. It is true that one can force the 
DSF to have constant coefficients. This is possible because both the orthonormal frame field and the DSF symmetries, 
under Lorentz transformations, can be tied together p|. However, there are many other possible choices that do not 
require the orthonormal frame gauge freedom to be the same as the DSF gauge freedom. In these cases, the rules of 
the Clifford algebra- valued differential forms imply the existence of extra terms in the boundary term associated with 
the QSL. 
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One of the main purposes of this paper is to establish an equivalence between the underlying algebraic structure 
of the DSFs and the corresponding gravity theory actions. This equivalence enables us to better characterize and 
understand the nature of the spinor field that constitutes the QSL. We show that, when the DSF is not restricted to 
the case of a class-(2) DSF with constant coefficients, in addition to the Einstcin-Hilbcrt, also the Einstein-Palatini 
and the Hoist actions can be derived from a QSL, when we consider class-(l) and -(3) DSFs. We begin by showing first 
that the spinor-valued 1-form field entering the QSL has necessarily to be constructed by a tensor product between a 
Dime spinor field and a Clifford algebra-valued 1-form: no other spinor fields can lead either to the Hoist action, or 
to the particular cases of Einstcin-Hilbert and Einstein-Palatini actions. These three gravitational actions correspond 
respectively to a class-(2), class-(3), and class- (1) DSFs. Classes-(2) and -(3) together give the Einstein-Hilbert and 
Einstein-Palatini actions, and class-(l) DSF gives alone the complete Hoist action. We mention in passing that this 
action shows up also in the proof of gravitational theory as a SUSY gauge theory 0]. Furthermore, we assume a more 
general approach, where the DSF is not a constant spinor field anymore. As a consequence, the boundary term of 
the QSL will have many additional terms that can be related to some physical identities, and may unravel additional 
properties. 

The paper is organized as follows: after presenting some algebraic preliminaries in Section |TT1 we investigate in 
Section IlIII the extra terms in the boundary term of the QSL. In the particular case of a teleparallel spacetime, these 
extra terms give rise to an axial torsion current density, coupling the 1-form axial torsion and the DSF through its 
total derivative dip. In Section UVl after briefly presenting the Lounesto spinor field classification, as well as some 
important features of each spinor field class, we show that Einstcin-Hilbert, Einstein-Palatini, and Hoist actions can 
be derived from a QSL provided we do not restrict ourselves to the case of a class-(2) DSF. In Section [V] we obtain 
the extra terms in the corresponding Hamiltonian formalism. Some discussions concerning these generalizations are 
presented in the last Section. 



II. PRELIMINARIES 

We denote by M. =(M, g, V,r 9 ,t) the spacetime structure: M denotes a 4-dimensional manifold, g £ secT§M is 
the metric associated with the cotangent bundle, V is the Levi-Civita connection of g, r g £ secA 4 (T*M) defines a 
spacetime orientation and | refers to an equivalence class of timelike 1-form fields defining a time orientation. By 
F(M) we mean the (principal) bundle of frames, by Pso= 3 (M) the orthonormal frame bundle, and Pso= 3 (M) denotes 
the orthonormal coframe bundle. We consider M a spin manifold, and then there exists Pspinj 3 (M) and Pspinj 3 {M) 
which are respectively the spin frame and the spin coframe bundles. We denote by s : Pspinj 3 (M) ~~ ¥ Pso\ 3 (M) the 
fundamental mapping present in the definition of Ps p i n = 3 (M). A spin structure on M consists of a principal fiber 
bundle tt s : Ps p i n = 3 (M) — > M, with group Spin^ 3 , and the map 

s:P SpinU (M)^P sol3 (M) (1) 

satisfying the following conditions: 

(i) ir(s(p)) = n s (p), \/p £ -Pspinj 3 {M); tt is the projection map of the bundle Psoj 3 (M). 

(ii) s(p<f>) = s(p)Adt, Vp £ P Sp i n e 3 (M) and Ad : Spin^ 3 -> Aut(«i, 3 ), Ad : C£ h3 3 H ^ e C£i, 3 M- 

We recall now that sections of Psof (M) arc orthonormal coframes, and that sections of Pspinj (M) are also 
orthonormal coframes such that two coframes differing by a 27r rotation are distinct and two coframes differing by 
a 47r rotation are identified. Next we introduce the Clifford bundle of differential forms C£(M,g), which is a vector 
bundle associated with Pgpinj 3 (Af )• Their sections are sums of non- homogeneous differential forms, which will be 
called Clifford fields. We recall that C£(M, g) = Psoj AM) x A d' C4,3, where C£ lt3 ~ M(2,H) is the spacetime algebra. 
Details of the bundle structure are as follows [UEE'lll: 

(1) Let 7r c : C£(M,g) — > M be the canonical projection of C£(M,g) and let {U a } be an open covering of M. There 
are trivialization mappings ipi '■ ^fT 1 ^) ~~ * ^ x ^1,3 °f t ne form ipiip) = i' 7r cip)i' i Pi,x(p)) = {%> ">Pi,x(p))- If a; £ Ui H Uj 
and p £ ti^ 1 {x) 1 then 

ipi,x(p) = hij(x)ipj,x(p) (2) 

for hij(x) £ Aut(C^i 3), where hij : Ui f) Uj — ► Aut(Cii i3 ) are the transition mappings of C£(M,g). We recall that 
every automorphism of C£±^ is inner. Then, 

hij(x)ipj 7X (p) = aiAx)ipi lX (j})a ij (xy 1 (3) 
for some aij(x) £ C£* 3 , the group of invertiblc elements of C£\_ 3 . 
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(2) As it is well known, the group SO^ 3 has a natural extension in the Clifford algebra Ci\^. Indeed, we know 
that Ci\ 3 (the group of invertible elements of C£\^) acts naturally on C£i j3 as an algebra automorphism through its 
adjoint representation. A set of lifts of the transition functions of C£(M, g) is a set of elements {a^} C C£\ 3 such 
that, if (!□] 

Ad : i— > Ad^ 

Ad (S) =0S<T\ V»6C4 3 , (4) 

then Ad aij = hij in all intersections. 

(3) Also a = Ad | 

Spinj 3 defines a group homeomorphism tr : Spin 13 — ► S0 13 which is onto with kernel Z2. We have 
that Ad_i = identity, and so Ad : SpinJ 3 — > Aut(C^i i3 ) descends to a representation of SOJ 3 . Let us call Ad' this 
representation, i.e., Ad' : SOj 3 — > Aut(C€i i3 ). Then we can write Ad^^S = Ad^S = </>S</> _1 . 

(4) It is clear that the structure group of the Clifford bundle C£(M,g) is reducible from Aut(C£i j3 ) to SOJ 3 . The 
transition maps of the principal bundle of oriented Lorentz cotetrads Psof (-W) can thus be (through Ad') taken as 
transition maps for the Clifford bundle. We then have [IH 

C£(M,g) = Pso t 3 (M) x Ad , C£ 1<3 , (5) 

i.e., the Clifford bundle is a vector bundle associated with the principal bundle Psoi (M) of orthonormal Lorentz 
coframes. 

Recall that C£(T*M, g x ) is also a vector space over R which is isomorphic to the exterior algebra A(T*M) of the 
cotangent space and A(T*M) = ®i =0 A k (T*M), where A k (T£M)js the (£) -dimensional space of fc-forms over a point 
x on M. There is a natural embedding A(T*M) w C£{M,g) and sections of C£(M,g) — Clifford fields — can 
be represented as a sum of non-homogeneous differential forms. Let {e a } £ secPsof 3 (-^0 (the orthonormal frame 
bundle) be a tetrad basis for TU C TM (given an open set U C M). Moreover, let {$ a } £ secPsoj 3 (-^0- Then, for 
each a = 0, 1, 2, 3, d a £ sec A 1 (T*M) <^-> sec C2(M, 3). We recall next the crucial result [H], EH] that in a spin manifold 
we have: 

C£(M, r,) = P Spinl3 (M) x Ad C4,3- (6) 

Spinor fields are sections of vector bundles associated with the principal bundle of spinor coframes. The well known 
Dirac spinor fields are sections of the bundle 

S C (M }V ) = P SpinU (M) x Mc C 4 , (7) 

with fi c the IK 1 / 2 ' ) © £)(o,i/2) representation of Spin 13 = SL(2,C) in End(C 4 ) pjj. 

The orthonormal coframe field {$°} S secA 1 (T*M) can be related to the metric g by g — ry a 6^° <8> J? , with 
(^?ab) = diag(l, — 1, — 1, — 1). In other words, g is the metric on M according to which the elements of {e a } are 
orthonormal vector fields, i.e., g x {e a \x, &b\x) = Vab for each x £ M. We use the Latin alphabet a, b, c, . . . = 0, 1, 2, 3 
to denote anholonomic indices related to the tangent spaces and the Greek alphabet fi, v, p, . . . = 0, 1, 2, 3 to denote 
holonomic spacetime indices. Let be local coordinates in an open set U C M. Denoting <9 p = d/dx^, one can 

always expand the coordinate basis {<9 M } in terms of {e a }, 

8 — h a p 

for certain functions h a ^ on U. This immediately yields g^ v := g{d^^d^) = h a ' v r) ab . Consider a Minkowski 
vector space V = R 1,3 , isomorphic (as a vector space) to T X M and its associated Clifford algebra C£\,z, generated 
by the basis {7^} and by the relations 7 M 7„ + 7i/7p = 2^,,. The Clifford product will be denoted by juxtaposition. 
The pseudoscalar 75 is defined as 75 = 70123- Given two arbitrary (in general non-homogeneous) form fields (,(6 
secA(T*M), the dual Hodge operator * : secA p (T*M) sec A 4 -p(T*M) is defined explicitly by £_ A *C = G(£,rj), 
where G : sec A(T*M) x sec A(T*M) — * R denotes the metric extended to the space of form fields. 

The coframe field {$ a } and the metric-compatible connection 1-form field u> ah are potentials for the curvature and 
the torsion, expressed respectively by the structure equations 

n a b = dcu a b + uj a p A uj p b £ sccA 2 (T*M) and 6 a = d$ a + u a b /\i9 b £ sec A 2 (T*M). (8) 

The connection coefficients are implicitly given by oj a h = Lo a bc& c , and the torsion can be decomposed in its irreducible 
components under the global Lorentz group as [l7| 



QQ _ (l)Qa 1 (2)qq _|_ (3)qo 



(9) 
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where 

( 2 )©° = 1$° a (# 6 _iO(,), (3) e a = -\*(# a a a), (1) e a = e a - (2) e a - (3) e a , (10) 

with a = *(8b A i9 b ) denoting the axial 1-form associated with the axial torsion ^ 3 ^9 a . The term *a is the well 
known translational Chern-Simons 3- form field [13, H3, HHj whose total derivative d-ka is the Nieh-Yan 4- form field 

Clifford algebra-valued differential forms (on Minkowski spacetime) are elements of sec A(T*M) <g) Cl\^. In partic- 
ular, Eqs. ([8]) are written as 

SI = duj + id A uj and 6 = d# + idA'i9 + #A6d, (11) 

where 

■d = i?°® 7 a, w - ^ afc ® 7a6 , 

e = e a ® 7a , o = ^ ah ® 7ab , (12) 

with = |(7 a 76 — 7 67a)- All operations in the exterior algebra of differential forms are trivially induced on the 
space of Clifford- valued differential forms. In particular, given <fi a G A(F), the total derivative d(4> a <g> j a ) is given by 
d((f> a ) <E> 7a and, given a p-form field basis {i? 7 } and a Clifford algebra basis {77 = laiblc - ■ the exterior product 
between two elements $ = $ 7 ® 77 and r = T J ® 7j of sec A(T*M) ® C£ li3 is given by flll.fia] 

$ a r = ($ 7 ® 77) a (r J ® 7,7) = ($ 7 a r J ) ® 7777. (13) 



III. THE QUADRATIC SPINOR LAGRANGIAN 

Given a spinor-valued 1-form field 'J, the quadratic spinor Lagrangian (QSL) is given by 

Cq, = 2D* A 7 5 D* = 2* A ft 75 A * + d[{DV) A 75* + * A 75.D*], (14) 

where 

= rf* + oj A * and = df + f Aw. (15) 

Now, choose the ansatz 

tf=V®i?, (16) 

where $ denotes the orthonormal frame 1-form = $ a <g> j a = K^dx^ ® j a and ?/> is a spinor field. The action of the 
spinor covariant exterior derivative D, mapping a spinor-valued 1-form field "J into a spinor-valued 2-form field 
is explicitly given bv[4~fl| 

= d a A [<9 (s) V> (V 6o + (e a j8 c ) A e c j)tf], 

where the spin-Dirac operator 9^-* acting on spinor fields xjj and the covariant derivative V ea acting on Clifford-valued 
1-form fields are given respectively by 

VeJ = d a & +hp) a ,4\, (17) 

where Lo a = w ac (eb ® -d c ). 

The ansatz given by Eq. (|16p arises in different contexts: in fl4| ip is a Dirac spinor field used to prove the equivalence 
between QSL and the Lagrangians describing General Relativity (GR), its tclcparallcl equivalent GR , and the M0ller 
Lagrangian; in [9|1 ip is an auxiliary Majorana spinor used to prove that gravitation can be described as a SUSY gauge 
theory; in [24j, |25[ ip is an anticommuting Majorana spinor described by Grassmann superspace coordinates, which 
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generates the spinor supersymmetric conserved current. The QSL was first proposed in |5J] in the proof of positive 
energy theorem. 

Up to our knowledge, there are no identities like the spinor-curvaturc identities that yield the term linear in curvature 
which reduces to the scalar curvature 0] ■ One of the spinor-curvature identities is given by 

2D@£) A D(CV) = 2(-im A n A (CV>) + A D(^j) - (-1) P D(4>£) A CV>], (18) 

where now £ £ sec A P (T*M) <g> Cl\^ and C £ sec A(T*M) <g> C^i^. The scalar curvature appears in a natural way in 
the case where "J in QSL is a spinor- valued 1-form field, like in Eq. (fT6|) . as we shall see below. 
Substituting the ansatz P^|) in the QSL (Ea.([T3])). it follows 

C* = C(i>,d,u) = 2£>(VSi?)75 A D{dip) 

= ^ab A *(^ a A +^75^ ^ah A ^ a A# + rf[Z?(^) 75 ^ + #75^ W)]- (19) 

When the spinor field satisfies the normalization conditions 

ipip = 1, = 0, (20) 

the original QSL can be written as 

= -Qab A *(#" A tf b ) + d[D{ipd) A 75^ + A 75-D W)] (21) 

The DSF ip enters in the QSL only at the boundary and does not appear in the equations of motion. Up to the 
boundary term, the Lagrangian is given by 

£* = -ft ab A*(i? Q Atf 6 ), (22) 

which is the Einstein-Hilbert Lagrangian. Eq. (|2Tj) shows that the action — J Cq, does not depend locally on the 
Dirac spinor field ip. 

Tung and Nester asserted that a change on the spinor field will leave the action 5** unchanged, and then the 
spinor field has a six-parameter — four complex parameters constrained by Eqs. (|20j) — local gauge invariance. The 
theory also presents a Lorentz gauge freedom related to the transformations of the orthonormal frame field. They 
prove that the spinor field gauge freedom induces a Lorentz transformation on the orthonormal frame field, and the 
boundary term has only one physically independent degree of freedom [f| . They also admit a suitable choice fixing 
one of the two Lorentz gauges by tying the DSF to the orthonormal coframe field together. So, the spinor gauge 
freedom related to the six parameter DSF ip is (2 to 1) equivalent to the Lorentz transformations for the associated 
orthonormal frame. The choice dip = clearly implies that ip is a constant spinor. However, other choices are possible 
where the spinor field ip is not constant anymore — dip ^ 0. There are cases (see Section (IV)) where the spinor field 
gauge 1 freedom is entirely independent on the Lorentz transformations of the orthonormal frame's. In the most general 
case, when dtp ^ 0, in addition to the well known boundary terms Q 

- ipip oJab A A i9 b ) + 4> l5 ipuJab A d a A d b + A e a , (23) 

there are extra terms given by (differentiating the relation ip^ip = to obtain dip^ip = —ip^dip) 

"extra terms" = dip"{ 5 (d$ a A d b A uj ab + du ab A ti a A tf b )ijj + #7s(w a6 A tf a A tf b - dd a A $ a )dip. (24) 

In general, the extra terms above do not have a clear interpretation. In the teleparallel case, however, where oj = 0, 
the extra terms reduce to 

-£7 5 (*a)cp, (25) 

where ip := dip, and a = a b <£> = — * (i9 a A a ) denotes the axial 1-form field associated with the axial torsion 2-form 
(3)qo^ gj ven by gq pX)j) i n the teleparallel case it is described by the frame anholonomy, since in this case O a = d"D a . 
The axial 1-form field is the so-called translational Chern-Simons term, whose total derivative is the Nieh-Yan 4-form 

field mm. 

The term in Eg. ([25)) suggests a coupling between the axial 1-form field a and the Dirac spinor ip field through its 
total derivative dip. In other words, if we suppose that dip ^ 0, there appears on the boundary an extra axial torsion 
1-form field current density 

★ a b <pj 5 j b <p. (26) 

In the next Section we will show how to obtain the Hoist action, which consists in the sum of Einstein- Hilbert and 
Einstcin-Palatini actions. This will be done by relaxing the normalization conditions (|20p . We also prove that the 
spinor field in Eq. (Til?]) must be a DSF in order to make the QSL to yield the Einstein-Hilbert, Einstein-Palatini and 
Hoist actions. Any other choice of spinor field — like Majorana, Weyl, flag-dipole, flagpole, pure spinor fields — up 
to a boundary term, gives a trivial QSL. 
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IV. QSL AS THE FUNDAMENT OF GRAVITY VIA THE CLASSIFICATION OF SPINORS 

Classical spinor fields @ carrying a D(l/2, 0) © D(0, 1/2), or .0(1/2,0), orD(0,l/2) representation of SL(2,C) ~ 
Spmf 3 are sections of the vector bundle 

P S pin fi3 (M)X„C 4 , (27) 

where p stands for the D(l/2,0) © D(0,l/2) (or £>(l/2,0) or £>(0, 1/2)) representation of Spinf 3 in C 4 . Other 
important spinor fields, like Weyl spinor fields, are obtained by imposing some constraints on the sections of 
-Pspinj 3 (M) x p C 4 . See, e.g., [3, Hj for details. Given a spinor field ip G secPspm?; 3 {M) x p C 4 the bilinear covariants 
arc the following sections of A(T*M) = © 4 =0 A P (T*M) ^ C£(M,g) [IQ3 

K = -01701237^ "0^, X = -V'7oi23'0, (28) 

with a,x G secA°(T*M), J,K G sec A 1 (T*M) and S G sccA 2 (T*M) w C£(M,g). In the formulae appearing in Eq. 
(|28|) . the set {7^} can be thought of as being the Dirac matrices, but we prefer not to make reference to any kind 
of representation, in order to preserve the algebraic character of the theory. When required, it is possible to use any 
suitable representation. Also, {I4, 7^, 7^7,,, 7^7i/7p, 70717273} is a basis for C£(M,g), p < v < p, and I4 G C(4) is 
the identity matrix. 

In the case of the electron, described by DSFs (classes (1), (2) and (3) below), J is a future-oriented timclike current 
1-form field which gives the current of probability, the 2-form field S is associated with the distribution of intrinsic 
angular momentum, and the spacelike 1-form field K is associated with the direction of the electron spin. For a 
detailed discussion concerning such entities, their relationships and physical interpretation, and generalizations, see, 
e.g., [3, 0, S 0, H3, [2I] ■ Lounesto spinor field classification — representation independent — is given by the following 
spinor field classes [J where in the first three classes it is implicit that J, K, S / 0: 



(1) 


a 


^0, 


x^o. 




(2) 


a 




x = o. 




(3) 


a 


= 0, 


x^o. 




(4) 


(T 


= = 


X, 


s 54 


(5) 


a 


= = 


X, K = 0, 


S ^ 


(G) 


a 


= = 


X, 


s = 



The current density J is always non-zero. Classes (1), (2), and (3) are called Dirac spinor fields for spin-1/2 
particles, and classes (4), (5), and (6) are called, respectively, flag-dipole, flagpole and Weyl spinor fields. Majorana 
and ELKO spinor fields fj, [2^, [301 are a particular case of a class-(5) spinor field. A great class of applications 
can be found in |29l. l30l. l3ll. l32j] . It is worthwhile to point out a peculiar feature of spinor fields of class (4), (5), and 
(6): although J is always non-zero, we have J 2 = K 2 = 0. Although the choices given by Eq. (f20|) is restricted to 
class-(2) DSFs, we can explore other choices for values of a = ^ip and x = V'75' i /'j an d also investigate the QSL from 
the point of view of classes (1) and (3) spinor fields. 

Now, if instead of class- (2) we consider the class- (3) DSF, in which case the spinor field satisfies the normalization 
conditions 

a = ipi/j = 0, X = ^75^ = 1, (29) 

then the original QSL can be written as 

= -Q ab A (tf a A tf b ) + d[D{$ti) A 75^ + rptf A j 5 D(-&i>)]. (30) 

The class-(3) DSF ip enters the QSL only at the boundary, and consequently it docs not appear in the equations of 
motion. Up to the boundary term, therefore, the Lagrangian is given by the Einstein-Palatini Lagrangian 

A, = -n o6 A(i? a Ad b ). (31) 
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It is immediate to see that, by considering a class- (1) DSF, characterized by the conditions a ^ and x ^ 0, the 
most general Hoist action, given by 

S%=ii> J n ab A A & b ) + ^ 75 ^ Jn ab A(d a A#), (32) 

follows naturally. In fact, this action comes from the QSL associated with a class-(l) DSF 

= -ipipn ab A *(tT A $ b ) + ip l5 ip 0«6 A (i? a A i? fo ) + d[D{4>§) A 75^1? + $0 A l5 D{di]j)]. (33) 

The ratio a/x — which measures how much Einstein theory departs from a more general covariant theory of gravity 
— is exactly the Immirzi parameter, as pointed out by Chou, Tung, and Yu 33]. The expectation value of a/x also 
allows to introduce a renormalization scale upon quantization. 

Whatever representation we use — Dirac, Weyl or Majorana — the terms a = ipip and x = V'TsV' are always 
real. Up to a normalization constant, the Immirzi parameter corresponds to the Ashtekar formalism related to the 
geometrical nature of the new variables [33l . l35l . l36l . l37l . |38| . In [|| the metric was formally introduced as the symmetric 
tensor product 

g = f ® s (1 +ij 5 )V (34) 

where ^ is given byEq.(l6|) and A® S B := \{A®B + B®A). There was shown that, when the metric is real — when 
g = # <g>s ^ — then the Hilbert-Palatini Lagrangian is obtained @. Using the property which defines the Hodge star 
operator, we see that the Hilbert-Palatini action is indeed the Einstcin-Hilbert Lagrangian when the curvature rt ab is 
a homogeneous self-dual 2-form field. Since the formalism developed up to now concerns a metric that takes values 
on the real numbers, it is immediate to extend such formalism in order to obtain, for instance, the self-dual action 
given in Q, by considering formally also the pure imaginary part of the metric given at Eq. (|34[) . 



V. HAMILTONIAN EXTRA TERMS 



We now investigate the Hamiltonian associated with the QSL extra terms, assuming that dip ^ 0. The energy- 
momentum can be identified to the Hamiltonian, that can be obtained from the QSL action S<st given a timelike 
1-form field n <G sec A 1 (T*M) such that n ■ dt = 1. As in 0] the QSL 4-covariant Hamiltonian 3-form can be written 
as 

H(n) = 2[D(ipn) A 7 5 £>(i?V) + £>(V>$) A y 5 D(nip)\, (35) 

where n = n a d a . Using a suitable spinor-curvature identity Q, Eq. (|35[) can be written as 

H{n) = 2iP4>n a E ab *tf b + 2d$n Af 5 D(tiip)+D(ip<d)A~/ 5 mp}. (36) 

where —2E a b A rf = £l ab A rf hc is a 3-form field associated with the Einstein tensor E = *~ 1 E C ® i9 c , where E c = 
^ab A [e c j* (i? a At? )]. Here it is used the definitions r\ = ?9° A z? 1 A -d 2 A i9 3 , ij a := e Q j?y, r/ ab := en-ir] b , an r/ abc := e a Ar\ bc . 

The choice of a class- (2) DSFs together with the gauge condition dip = was given in [5j] in order to show the 
analogy between ADM Hamiltonian, the QSL and the Hamiltonian 3-form field associated with the Witten positive 
energy proof [39j . where the spacetime splitting timelike 1-form field is given by — ipj^ip. In this case, the boundary 
term in Eq. (|36p reads 

Lj ab A[nj*(i9 a Atf b )}. (37) 

The Hamiltonian in Eq. (|36|) can be also immediately derived from a suitable spinor-curvature identity 0. Now we 
want to investigate the Hamiltonian with the more general condition dip ^ 0. Initially we consider class-(l) DSFs 
to keep all possible terms. Again, like in the Lagrangian formulation, this condition gives rise to more terms at the 
boundary in Eq. (|36| . Indeed, if we expand the boundary term 

d[im A-y 5 D(<&ip)+D(<ip<3) Ay 5 ml>}, (38) 

in addition to the well known terms obtained in Q , given by 



- ipl5i>n a d$ a - ipipe abcd n c Lu bc A $ d , 



(39) 
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new terms are obtained: 

"extra terms" = tp^ 5 dip Tr(2tf An + 3nAwAt?) + if-J^ip Tv({dn, dtf} - 2dn A u A «?). (40) 

In the case where tp is a class- (2) DSF — and in particular ^75^1 = — the second term above equals zero. 

Although using the normalization conditions in Eq. ([20|) the boundary terms in Eq. (f39|) are led exactly to the 
superpotential associated with M0ller energy-momentum "tensor" , this is not true when we consider a general class 
of DSF satisfaying dip ^ 0. 



VI. CONCLUDING REMARKS 



QSL makes use of a general auxiliary spin-3/2 field that can be expressed as the tensor product between an 
auxiliary spinor field ip and a Clifford-valued 1-form 9. This auxiliary spinor field ip was first introduced by Witten 
as a convenient tool in the proof of the positive-energy theorem of Einstein gravity [3^]. When the QSL is required 
to yield Einstcin-Hilbcrt, Einstcin-Palatini, and Hoist actions, it follows naturally that the auxiliary spinor-valued 
1-form field composing the QSL must be a DSF. Any other choice of spinor field leads, up to a boundary term, to 
a null QSL. In other words, the spinor-valued 1-form field of the QSL must necessarily be constituted by a tensor 
product between a Dirac spinor field and a Clifford algebra-valued 1-form. 

Einstcin-Hilbcrt, Einstcin-Palatini, and Hoist actions actions correspond respectively to a class-(2), class-(3), and 
class-(l) DSFs. Although the choice dtp = 0, and the normalization conditions a = ijnp = 1 and \ — V'TsV' = — 
corresponding to a class-(2) Dirac spinor field — gives the best option to prove the equivalence between the QSL and 
the Lagrangians associated with general relativity and teleparallel gravity, they are restrictive if we are interested in 
more general analyses. Also, classes (2) and (3) of DSFs can be chosen to give the complete QSL Hoist action, each 
one corresponding respectively to one of its pieces ipip J tt a b A *(z9 a A $ fc ) or ifr/sip J £l a b A (i9 a A t9 & ). Furthermore, 
class-(l) Dirac spinor field gives alone the complete Hoist action, since in this case a = ipip ^ and x = V'TsV' 0- 

An important point is to observe that the number of parameters in the sets of bilinear covariants is seven for 
class-(l), and six for classes (2) and (3) DSFs. Then, in the most general case, where the QSL gives rise to the 
action which is the sum of Einstcin-Hilbert and Einstein-Palatini actions, it is not possible, from the covariance of 
the boundary term in Eq.(14), to infer that the orthonormal frame field and the DSF are tied together. In this 
case the gauge freedom associated with the DSF tp cannot be related to the invariance of the boundary term under 
the Lorentz group, implying that dip 7^ 0. In addition to being too limiting, the condition dip = hides important 
quantum aspects, such as those related with anomalies. Some of these anomalies arise in a quantum field theory via 
the boundary term in the Lagrangian [l^, 0, [53, H3, Even in the related class-(l) DSF, such a condition can 
never be imposed because there are seven free parameters, and consequently the condition dip = is forbidden. 
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